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The Estimation and Application for Cox Model with
Weibull Frailty Via Hierarchical-likelihood
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Abstract: The proportional hazard model with Weibull frailty is used for analyzing right-censoring longi-
tudinal survival data. Complex marginal integrals are avoided by using Hierarchal-likelihood to estimate
covariate coefficients and prediction of random effects, the adjusted profile hierarchical-likelihood is taken
to estimate the parameters of random factors’distribution. Simulation studies of comparing with other frail-
ties including lognormal frailty and Gamma frailty are provided and the result indicates that the Weibull
frailty performs very well. The examples for analyzing two real data sets are also presented, and the re-
sults indicate that the Weibull frailty model is at least as good as lognormal and Gamma frailty model, and
the Weibull frailty model is more helpful to diagnose the heterogeneity.
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Table 1 ~ Simulation results under lognormal data generation process
HAR%B J2%Z ¥ a
Mk R
MEAN ( 46 %1% 2% ) SD 95% CP MEAN SD SE 95% CP
Cox -1.3469(0.653 1)  0.2006 0.1732  0.081 - - - -
LNM -2.0107(0.0107)  0.2016  0.203 5 0.947  1.0651 0.4418 0.3476  0.862
o1 GAM -1.998 6(0.0014) 0.1997 0.2044  0.943  1.4429  0.5858  0.4317 -
WEL -2.0336(0.0336) 0.2014 0.2059  0.952  1.0494  0.2056 0.1445 -
Cox -1.3339(0.666 1)  0.2155 0.1953 0.105 - - - -
LNM -1.9513(0.0490) 0.2168 0.227 1 0.964  1.0255 0.4232 0.3362  0.868
. GAM -1.9370(0.0630) 0.2159 0.2282  0.959  1.5294  0.6362  0.464 5 -
WEL -1.987 6(0.0124)  0.2163  0.2305 0.959 1.0198 0.1805 0.1415 -
Cox -1.3745(0.6255) 0.2614 0.2342  0.264 - - - -
LNM -1.9196(0.0804) 0.2807 0.2666  0.917 0.9466  0.4151 0.3142  0.805
03 GAM -1.896 6(0.1034)  0.2757 0.2675 0.902 1.7187 0.6894  0.5388 -
WEL -1.9884(0.0116) 0.2955 0.2712  0.929 0.9713 0.1587 0.1356 -

1) Cox J&45 Cox LBl fE B LAY, LNM H5 X ST A5 M 55 PR Y, GAM 45 i 2 g 55 PR Y, WEL 45 g A3 2 Jfe 55 5 45 7Y 5
MEAN # 200 YEEAMETFA9-F 1M, SD J& 200 YHHUAGTHIARER 22, SE IRV IIBIbRIEZ, 95% CP 2y 95% 1Y E f5 X 1]

AESHAMEMLLH]. Fig 2, % 3 HHE
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BRZEN0.012 4, 77 U400 g 55 PEAR A fe 2= .
JBRIEINF] 0.5 i, XFALBHRCLMRHZ T,
BB gk A 7R ME 55 M Ak T SR i, A R 22 AR
0.011 6, fif HLFIAH XA 4 I 2% 22058 B0 F Al 145 2
ZERNAR/IN, T T P G S A AR R 2R AR H AR,
JEHAM L B 55 PERE B AR 22 o AT = s 55 e A
WG5S, RN 58 1 R ATLALN 2 X 45 E 2

(9, AT A AR BT R IR ZEA AR R, S8
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G N R AT e, BATRBL,
AT AR E 22 FIT- B SE BEAR —3, S S %
AR BRI T2 50 — B SO P 3t A S K 5 £
A 5 22 ARG

P R FATT A A S BE B ABONE ) AR A RS, R
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Table 2 Simulation results under gamma data generation process
Wk Ko _ CYSEY 5 §¢) FEZSE a
MEAN (4%} 1R2% ) SD SE 95% CP MEAN SD SE 95% CP
Cox —-1.5884(0.4116) 0.2081 0.1880 0. 402 - - - -
0.1 LNM -2.0392(0.039 2) 0.2069  0.207 2 0. 945 1.016 9 0.567 1 0.3323 0. 708
GAM -2.001 7(0.001 7) 0.1985 0.2061 0. 964 1.709 4 1.1592 0.5282 0.735
WEL —-2.066 6(0.066 6) 0.2086 0.208 5 0.927 0.876 2 0.2438 0.1141 0. 564
Cox -1.5557(0.4430) 0.2024 0.2120 0.418 - - - -
LNM -1.963 8(0.036 2) 0.2179 0.2315 0. 959 0.962 5 0.5365 0.3162 0.731
0-3 GAM -1.928 5(0.071 5) 0.2150 0.2305 0.942 1.717 3 0.8289 0.5314 0. 827
WEL —-1.995 8(0.004 2) 0.2280 0.2332 0.929 0.882 7 0.2188 0.1165 0.634
Cox -1.566 9(0.431 1) 0.2605 0.2510 0.555 - - - -
0.5 LNM -1.9439(0.056 1) 0.2833  0.2707 0.926 1.0555 0.6197 0.3495 0.730
GAM —-1.911 0(0.089 0) 0.2740 0.2685 0.912 1.581 6 0.7897  0.4937 0. 867
WEL -1.944 6(0.055 4) 0.2742  0.268 7 0.932 0.790 8 0.1709  0.104 7 0.475

MR 2 AR Al IE H, MR 0.1 0, =
MRS AT T R EARZ, R IRZEAT LA
N, AMESRERLAG T A SRR A, EUR M Ok R I £
0.3, FHIIINE] 0.5 flmbfe, fnch e 55 PR R AL 3t
SERAUN TS SN PIRRRETAR B, X b AE A AR B
B, JUHMN R R LR, FnBE 0.5 1, AR
i 583 P AL T B A i, XPEOE SRR Z .

FA 175 AT 7R BEAILASORL 7 A1 1) A A7 A0 PR A

T, BV o, S50 f(0,,b) = Jexpl -

ki3 i

v+ mesp(—y 40 |, BRI A (T,) =
b = 1 AHERIIER S B B, At
SRR T SHAL, 45 = . fiif s mf,

DA b E(E A 1, UL, 8 BN 1. HEAs
R, R R AR, A R BEBLSON, B A 77
Bfh s KRR o, W3R 3 s, MR N
0.1, BAm /R M 55 PR R AL T (0 2 50KS B2 35 ) 46 %
BRZE(UH 0.004 2, EWRE MY IRZE{CH 0.21% ,
3 NP E S P R R A 45 R A, (ER A
IRMESS PR, M2 288 = %] 0. 3 T2 0.5 i),
A7 1 WG 559 P ASE B A T AR i S B0 A X R 25 AT AR
3.5% LAWY, HEXHRZETE 0. 07 Z P, ANch A5 At
BOESERGTHR R A Z, BN R 122 1k
WERZL, MR 0.5 BF, AN E R F6E
ARG (RS BE LA IR IR — 2K 22

3 AT R BENLON A I A R R A 2 2R

Table 3 Simulation results under Weibull data generation process

" OIEES19¢ VR i)
LESS MEAN (4%} 72 ) SD SE 95% CP MEAN SD SE 95% CP

Cox —-1.095 6(0.904 4) 0.2141 0.1629 0. 009 - - - -

0.1 LNM -1.976 0(0.024 0) 0.2115 0.2022 0.932 1.6137 0.730 5 0.5252 0. 886
GAM -1.980 2(0.019 8) 0.2120 0.204 1 0. 936 1.128 5 0.4215 0.328 7 0.936
WEL —-1.995 8(0.004 2) 0.2134  0.204 9 0.935 0.978 7 0.184 5 0.1390 0. 857
Cox -1.088 7(0.911 3) 0.2246 0.1845 0. 023 0 0 0 0

0.3 LNM -1.920 6(0.079 4) 0.2408 0.2253 0. 905 1.534 3 0.701 2 0.500 6 0.909
GAM -1.9254(0.074 6) 0.2403  0.227 8 0. 909 1.169 1 0.459 4 0.344 1 0.959
WEL -1.946 6(0.053 4) 0.2418 0.2285 0.922 0.962 5 0.170 6 0.136 8 0. 844
Cox —-1.1157(0.884 3) 0.2791 0.2212 0. 082 - - - -

0.5 LNM -1.860 5(0.139 5) 0.2870 0.264 0 0. 872 1.417 6 0.725 8 0.466 0 0. 849
GAM -1.8649(0.134 1) 0.2861 0.2675 0. 899 1.324 5 0.637 4 0.403 1 0. 940
WEL —-1.930 5(0.069 5) 0.2887 0.270 1 0.930 0.915 8 0.154 3 0.1309 0.816
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Table 4 Results of kidney data

Cox model Lgnormal frailty Gamma frailty Weibull frailty

B 0.001 151 0. 002 378 0.001 406 0. 000 248
(sd) (0.010 946) (0.015997) (0.013 9739) (0. 020 720)
(p_value) (0.916 285) (0. 881 828) (0.919 863) (0.990 431)
B> —-1.442 410 -1.727 616 -1.687 322 -2.068 904
(sd) (0.354 167) (0. 489 967) (0.453 123) (0.622 434)
(p_value) (4.65E -05) (0. 000 422) (0.000 196) (0. 000 888)

Bs 0. 136 183 0.262 867 0.254 705 0. 469 168
(sd) (0.404 791) (0.582 816) (0.517 804) (0.744 803)
(p_value) (0.736 548) (0.651 969) (0.622 794) (0.528 746)

B 0. 526 266 0. 694 958 0. 673 683 0.932 979
(sd) (0.414 204) (0.595 189) (0.529 888) (0.755 450)
(p_value) (0.203 889) (0.242 958) (0.203 598) (0.216 831)
Bs -1.354 020 - 1. 008 496 -0. 853 446 -0.335 677
(sd) (0. 626 798) (0. 860 729) (0. 842 229) (1.079 952)
(p_value) (0.030 756) (0.241 327) (0.310908) (0.755933)

a 0. 691 952 2.759 466 0.878 514
(sd) - (0.208 790) (0.843 115) (0. 103 461)

(p_value) (0.000 919) (0.001 064) (0)
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leukocyte antigen, HLA) RJUCHECIFIR, AELRIE K.
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Table 5  Results of skin data
Cox model Lgnormal frailty Gamma frailty Weibull frailty
B —-1.028 587 -1.353 218 - 1. 167 288 -1.386 303
(sd) (0.426 426) (0.492 116) (0. 464 853) (0.507 327)
(p_ value) (0.015 860) (0. 005 963) (0.012 036) (0. 006 284)
a 1.444 386 4 1.785 55 0.759 679
(sd) - (0. 566 530) (0.702 561) (0.124 693)
(p_ value) (0.010 787) (0.011 038) (1.1122E-9)
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